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ON A DIFFUSIVE PREDATOR-PREY MODEL WITH
STAGE STRUCTURE ON PREY

SEONG LEE*

ABSTRACT. In this paper, we consider a diffusive delayed predator-
prey model with Beddington-DeAngelis type functional response
under homogeneous Neumann boundary conditions, where the dis-
crete time delay covers the period from the birth of immature preys
to their maturity. We investigate the global existence of nonneg-
ative solutions and the long-term behavior of the time-dependent
solution of the model.

1. Introduction

Recently, the results have been obtained for a stage structured preda-
tor prey models with a time-delay term in the functional responses in a
homogeneous environment. For example, Liu and Zhang [2] studied the
following model, which is a stage structured predator-prey model of the
Beddington-DeAngelis type functional response based on a consideration
of time the prey took from birth to maturity:

zh(t) = b (t) — dizs(t) — be™ 4y, (t — 1),

C maw()
15 kzm(t) + koy (D)’

G R N

P T T R (1) + kay(0) ’

where x,,(#) > 0 is continuous on —7 < € < 0 and z;(0), x.,(0),
y(0) > 0. Here z,, and y represent mature prey and predator densi-
ties, respectively, while x; is the immature prey density. All constants
are positive, and b means the birth rate of the mature prey; d; is a mor-
tality rate of immature prey; n is the birth rate of predator; m is the

(11) 4 @) = be™ " Tan(t — 1) — azy, ()
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capture rate(1/time); k; is the handling time(1/prey); ko is a constant
describing the magnitude of interference among predators(1/predator);
e~%7 is the surviving rate of each immature prey to become mature
prey; a is the death rate of mature prey; d is the death rate of predator.
In there, the permanence, extinction of species and the global stability
of the equilibria were demonstrated.

In this paper, we extend the above model (1.1) as the following a
diffusive predator-prey model of Beddington-DeAngelis type functional
response with stage structure on prey:

&Lié?t) = bu(z,t) — dyui(x,t) — be 5 u(x, t — 1),
8u(£,t) = DyAu(z,t) + be T u(x, t — 1) — au®(z, )
B mu(x, t)v(z,t)
1+ kyu(z,t) + kov(z,t)’
ov(x,t) nmu(z, t)v(z,t)
(1.2) o DuBv(e,8) + 1+ kyu(z, t) + kov(z,t)
' —dv(z,t) in Q x (0,00),
ou  Ov  Ou;
a—a—ay—o OnaQX(0,00),
u(z,0) = ug(x) >0, v(z,0) =vgp(x) >0 in Q x [—7,0],
u(z,0) Z 0, v(z,0) Z0 in £,
0
ui(x,0) = b/ ebisu(x, s)ds,

\ -7

where  is a bounded domain in RY with smooth boundary 99Q; u; and
u represent the densities of immature and mature prey, respectively;
and v denotes the density of mature predator. D, and D, are the
diffusion coefficients of mature prey and mature predator, respectively;
0/0v denotes the outward normal derivative on the boundary 0 of .
We assume that the predator consumes the mature prey with the
functional response of Beddington-DeAngelis type. Furthermore, the
following is assumed due to the continuity of solutions of the model,

0
(1.3) ui(x,0) = b/ ebisu(x, s)ds.

-7

From the first equation in model (1.2) with the initial condition (1.3),
we have
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0
wi(z,t) =b | elSu(z,t+ s)ds.
—T
Thus, u;(x,t) is completely determined by w(z,t). For the convenience,
we denote

be~ T

a

r=be 47, K= , ur =u(x,t—71).

So, we need to focus on the following subsystem:

Oou(z,t) _ 2
o = Dubu(w,t) + rur — sou?(2, 1)
B mu(x, t)v(z,t)
1+ kyu(z, t) + kov(z,t)’
WL _ by, p) DU
(14) ot 1 —|—]€1U(£E,t) —|—/{72’U(l‘,t)
—dv(z,t) in Qx (0,00),
ou  Ov
57570 on 99 x (0,00),
u(z,0) = ugp(z) 2 0, v(z,0) = vp(z) 20 in Qx [-T,0],
[ u(z,0)#0, v(z,0)#£0 in Q.

In this paper, we examine the global existence and the long-term be-
havior of solutions to a diffusive delayed predator-prey model (1.2) with
Beddington-DeAngelis type functional response under homogeneous Neu-
mann boundary conditions, where the discrete time delay covers the
period from the birth of immature preys to their maturity.

This paper is organized as follows. In the next section, we study the
global existence of nonnegative solutions and the long-term behavior of
the time-dependent solution of (1.4), particularly its uniformly persistent

property.

2. Global existence and persistence

In this section, we show the existence, uniqueness result, and persis-
tence of solutions for the system (1.4) by using the Positivity Lemma [3]
and comparison argument.

First, we define the coupled upper and lower solution to system (1.4)
as follows by [3].
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DEFINITION 2.1. A pair of nonnegative functions u = (u,v), u=
(W, ) in C(Q x [-7,T]) N C*>1(Q x (0,T]) are called coupled upper and
lower solutions of (1.4) if u <uin Q x [—7,T] and it satisfies:

( r muv
Ht wSt = Ku 14 ku+ koo
r muv
T e = T T e T ke a + ko
nmuv
vy —D,AY> —————— — v
(2.1) O S T ki ke
: nMuo
B — DyAT < — MY in Q x (0,7,
vt v v_1+k’1u+k’221 v m X( ]
ou ou Ov ov
— <0< —, — <0< — o0 x (0,T
Oov— ~0v ov— ~ Ov on (0,7},
a($7t) < ug(l‘) < H(l‘,t),
v(z,t) < vp(x) < v(w,t) in Q x [—7,0].

Now we have the existence theorem as follows.

THEOREM 2.2. Let u,v € C(Q x [0,7)) N C%1(Q x (0,T)) with
T < 400 and (u,v) be a solution of (1.4). Then, for any nonnega-
tive nontrivial initial functions, the system (1.4) has a unique global
solution (u*,v*) such that (0,0) < (u*,v*) < (My, My) in Q x [0, 00),
where

be~ 4T
My = max { [ug () oo, ——— }
Ml(nm — dkﬁl) — d}
dko )

Proof. We show that the solution of (1.4) is uniformly bounded. We
construct the upper bound of the solution. For any 7 with 0 < 7 < T if
ma:rﬁx[oﬂu(x,t) > |lug(2)|| o, —7 < 0 < 0, then there exists (zo,%0) €
Q x (0,T] such that u(xo,ty) = mazg, [Oﬁ]u(m,t). Observe that

)

My = max { v (@)oo

r
ug(xo,to) — DyAu(xo, to) = ru(zo, to — 7) — ?u2(:c0,t0)

B mu(zo, to)v(zo, to)
1 + kru(xo, to) + kav(zo, to)

N
< ru(wo, to) — §u2($07t0)-
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Thus we have that 0 < ru(l — %u), and so u < K = %. Therefore
0 < u < M = maz{|ug(a)] . r”

||oo’ a

have 0 < u < Mj in Q x [0, 7).
Similarly, if maxg, o jv(z,t) > lvo(2)]l o, =7 < 6 < 0, then there

exists (z1,t1) € Q x (0,7 such that v(zy,t1) = maxgy o, (@, t). Be-

cause the following holds:
u(zy, t1)(nm — dky) — d < Mi(nm — dk;) — d
dko - dks ’

we have 0 < v < My = max{||vg(x)]| Ml("mTjkl)*d}'

Let ¢ = (¢1,¢2) = (0,0) and ¢ = (¢1,¢2) = (M, M) be a pair of
nonnegative constant vectors. Then these constant vectors satisfy ¢ < ¢
and (2.1) since

}. Since 7(< T) is arbitrary, we

v(zy,t) <

/~2 ~ o~ /\2 o~ ~
~ 6] mcico ~ ] mcica
rcpT —1r— — — — <0<rcg —r—— — —
! K 1+kici+hkecy — — ' K 14 ke + koo’
NIMCLC: - NMCLC: .
~12 ~—d02§0§ A12 ,\—dCQ.
1+ kic1 + koco 1+ ki1 + koco

Therefore ¢, ¢ are coupled upper and lower solutions of (1.4).

The reaction functions in (1.4) satisfy the Lipschitz condition in in-
variant rectangle. Let

T o muv nmuv

u.u = _—— -_—_— u)y=—-———
fl( ’ T) i Ku 1—|—k:1u+k2v’ f2( ) 1—|—k1u—|—k2v
where u = (u,v), v = (ug,v1), uy = (u(z,t — 1), v(z,t — 7)) = (ur, v;)
and v; = (uy(z,t — 7),v1(x,t — 7)) = (u1,,v1,). It is easy to see that

fl(u7u7') - fl(vva)

=r(ur —u )—L(uz—zﬂ)—m( Ll - o )
T WK L 1+ kiu+kw 14+ kiug + kovy

dv,

= T(UT - Ul‘r) - %(u + ul)(u o ul)

[v(u —u1) +ui(v —v1) + kuug (v —v1) + kavvy (u — ul)}
-m
(1 + k1w + kov)(1 + kyug + kovr)

= T(UT - ul‘r)
r mu(l + kovy)
[E(u ) + (1 + kru + kov)(1 + kiug + kovy
B [ mui (1 + kiu) ](v—m)
(1+k1u+k:2v)(1+k1u1 —I—kz’Ul) '

)](u—ul)
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Thus, we get

|fi(u,ur) = fi(v, vo)| < rlur —uir| + Alu — ui| + Blv — vy
< M(Juy = vo| + [u—vl),

1+-k
where M = max{r, A, B}, | (u + u1) + (1+k1u+nl;b;}z(z)(1—s—zl:111)u+k2v1)| < A,
muy (1+kiu)

and |(1+k1u+k2v)(1+k;1u1+k2v1)| < B. This shows that f satisfy the Lips-
chitz condition in < u,u >.

Similarly, we have

fo(u) = fa(v)
nmuv nmuivy
_ g —d
1+ kiu + koo v (1 + k1uq + kavq Ul)
B nm[v(u —up) +ui(v—v1) + kruug (v — v1) + kgvvy (u — ul)]
(1 + k1u+ kov)(1 + kyug + kovy)

—d(v—w1)
B [ nmo (1l + kavy) ](u—u )
L Fru + kov) (1 + kyug + Eaor) '

nmuy (1 + kju)
(1 + k1w + kov) (1 + kyug + kavr)

_|_[ —d}(v—vl).

Thus, we get

|[f2(0) = f2(v)| < Clu —u1] + Dlv — v
< M'lu—vl|,

nmu(1l+kavi) nmui (14+kiu) .
where |(1+k1u+k2v)(1+k1u1+k2’u1)’ S C’ |(1+k1u+k2v)(1+k1u1+k2111) d| S D

and M’' = maz{C, D}. This shows that f, satisfy the Lipschitz condition
in<u,u>.

Therefore, the system (1.4) has a unique global solution (u*,v*) such
that (¢1,¢2) < (u*,v*) < (¢1,¢) in Q x [0,00) whenever (¢1,¢) <
(ug(zx),vg(z)) < (c1,¢2), —7 < 0 <0, by Theorem 2.2 in [4]. O

Next, we give the persistence of solutions of model (1.4). To achieve
the goal, we use the following lemma which is Lemma 3.1 in [1].

LEMMA 2.3. Let u € C(Q x [0,00)) N C%1(Q x (0,00)), u be a non-
negative nontrivial solution of the scalar problem:
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27: — DAu = Bu(z,t — 7) + Ayu(z,t) — Agu?(z,t) in Q x (0,00),
ou

5—0 on 092 x (0, 00),
u(z,t) = ¢(x,t) >0 in Q x [—7,0],

with A1 > 0, B, Ay, 7 > 0. Then we have B
(i) if B+ Ay >0, then u — (B £ Ay)/As as t — +oo uniformly on €,
(ii) if B+ A; <0, then u — 0 as t — +oo uniformly on ).

We obtain the long-term behavior of any nonnegative solutions (u, v)
of (1.4) as t — oo for all z € Q.

nmK

THEOREM 2.4. Suppose that {73 %

tion (u,v) of (1.4) satisfies

> d, then the nonnegative solu-

(K, (nm — dk1)K — d) ina.

lim sup(u(z,t),v(z,t)) < TS

t—oo

Proof. First of all, limsup,_, ., u(z,t) < K in Q follows from compar-
ison argument for the parabolic problems and Lemma 2.3 since ru, —
Fu? — Thuts < Tur — Zu? in Q x [0,00). Thus, for an arbitrary
positive constant e, there exists 71 € (0, 00) such that u(z,t) < K +¢€in
Q x [T1,00). By using this result and comparison argument for the para-
bolic problems, for an arbitrary positive €, there exists T» € [T}, 00) such
that vz, t) < %—i—e* in Q x [T, o), where €* = e(md;kjkl)—i—e,
since

nmuv o nm(K + €)v B
1+ kju+ kov T 14+ k(K +e€) + kv
v[(nm — dk1)K — d + e(nm — dky) — dkav]
1+ kl(K-l-G) +I{?2U
in Qx[T1,00). Therefore, by the arbitrariness of €, we obtain the desired
result. O

dv

THEOREM 2.5. Suppose that 1 > - and kfﬁfl
negative solution (u,v) of (1.4) satisfies

RGENEE) g

> d, then the non-

liminf(u(z,t),v(z,t)) >

t—o00

where A := K(1 — 1%).

rko
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Proof. The comparison argument and Lemma 2.3 yield the desired
result. For an arbitrary small positive constant €, there exists T; €
(0,00) such that u(z,t) > K(1 — =) —e = A— € in Q x [I,00),

2

: T2 muv T m :
since rur — U — ey 2 MU — U — u o in 2% [0,00). By

using this fact, for an arbitry small positive constant e, there exists
Ty € [T1,00) such that v(x,t) > % —¢* in Q x [Ty, 00), where

€ = e("md;kjkl) + €, since

nmuv Cdv> nm(A — e)v
1+ kju + kov T 14+ ki(A—¢€) + kov
v[(nm — dki1)A — d — e(nm — dky) — dkav]
1+ ki(A—¢€)+ kov
in QX [T7,00). Therefore, by the arbitrariness of €, we obtain the desired
result. O

—dv
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